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Abstract Two-dimensional, unsteady squeezed flow over a porous surface for a power-law non-
Newtonian fluid is considered. Continuity, momentum and energy equations are written and cast into
a non-dimensional form. Boundary conditions are selected in a general form. Lie Group theory is applied
to the equations. Then, a partial differential system with three independent variables is converted into
an ordinary differential system, via application of two successive symmetry generators. The ordinary
differential equations are solved numerically. Effects of flow behavior index, Prandtl number, squeezing
parameter, surface velocity parameter and suction/injection parameter on the flow are outlined in the
figures.
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Boundary layers of non-Newtonian fluids have attracted
great interest because of their importance in engineering appli-
cations, such as metal extrusion, lubrication, continuous cast-
ing, food processing and heat exchangers, etc. Chamkha [1]
studied the similarity solution of a thermal boundary layer
on a stretched surface for a non-Newtonian fluid. Ali [2]
analyzed the effect of suction or injection on the laminar
boundary layer development over a stretched surface. Yürü-
soy and Pakdemirli [3] investigated the symmetry reductions
of unsteady three-dimensional boundary layers of some non-
Newtonian fluids. Yürüsoy [4] treated the unsteady boundary
layer equations of power-law fluids over a stretching sheet.
Tashtoush et al. [5] analyzed the heat transfer characteristics of
non-Newtonian fluid on a power-law stretched surface of vari-
able temperature with suction or injection. Aydın and Kaya [6]
obtained the similarity solution and the numerical solution of
laminar boundary layer flow over a horizontal permeable flat
plate. Chen [7] investigated the effects of magnetic field and
suction/injection on convectionheat transfer of non-Newtonian
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doi:10.1016/j.scient.2012.10.025power-law fluids past a power-law stretched sheetwith surface
heat flux. Zheng and Zhang [8] studied the momentum and en-
ergy laminar boundary layer along amoving plate in power-law
fluids, utilizing a similarity transformation and shooting tech-
nique. Aksoy et al. [9] obtained the stretching sheet solutions for
the modified second grade fluid. Yürüsoy and Pakdemirli [10]
studied the group classification of the boundary layer equations
of a class of non-Newtonian fluids, in which the shear stress is
an arbitrary function of the velocity gradient.
In recent years, boundary layer studies have been focused on
the chemical and biological detection systems, which involve
extended surfaces called microcantilevers. These extended
surfaces are modeled as porous surfaces by many researchers
working on Newtonian fluids. Khaled and Vafai [11] analyzed
the hydromagnetic effects on flow and heat transfer over a
sensor surface. Mahmood et al. [12] investigated flow and heat
transfer over a permeable sensor surface placed in a squeezing
channel. However, most chemical or biological liquids are non-
Newtonian fluids.
In this paper, two-dimensional, unsteady squeezed flow
over a porous surface for a power-law non-Newtonian fluid
is considered. Continuity, momentum and energy equations
are written and cast into a non-dimensional form. Boundary
conditions are selected in a general form. Lie Group theory
is applied to the equations. The partial differential system
with three independent variables is converted into an ordinary
differential system via application of two successive symmetry
generators. The ordinary differential equations are solved
numerically. Effects of flow parameters on the development of
momentum and thermal boundary layers are discussed.
evier B.V. Open access under CC BY-NC-ND license.
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The flow geometry is shown in Figure 1, which is assumed
to be a two-dimensional unsteady, incompressible laminar
over a horizontal surface enclosed in a squeezing channel. The
continuity, momentum and energy equations for a power-law
non-Newtonian fluid model are:
∂ u¯
∂ x¯
+ ∂v¯
∂ y¯
= 0, (1)
ρ

∂ u¯
∂ t¯
+ u¯∂ u¯
∂ x¯
+ v¯ ∂ u¯
∂ y¯

= ρ

∂U¯
∂ t¯
+ U¯ ∂U¯
∂ x¯

+ nK
∂ u¯∂ y¯
n−1 ∂2u¯∂ y¯2 , (2)
ρcp

∂ T¯
∂ t¯
+ u¯∂ T¯
∂ x¯
+ v¯ ∂ T¯
∂ y¯

= k∂
2T¯
∂ y¯2
, (3)
where x¯ is the coordinate along the surface and y¯ is the
coordinate vertical to x¯. t¯ is time, u¯ and v¯ are the velocity
components in x¯ and y¯ coordinates. U¯ is the free stream velocity
outside the boundary layer, T¯ is the temperature, ρ is the
fluid density, n is the flow behavior index, K is the flow
consistency index, and cp and k are the specific heat and thermal
conductivity of the fluid, respectively. The boundary conditions
are selected to be in a general form. Special forms of these
boundary conditions, for which similarity transformations are
available, will be determined later.
u¯(x¯, 0, t¯) = S¯(x¯, t¯), v¯(x¯, 0, t¯) = V¯ (x¯, t¯),
T¯ (x¯, 0, t¯) = Ts,
u¯(x¯,∞, t¯) = U¯(x¯, t¯), T¯ (x¯,∞, t¯) = T∞
(4)
where S¯(x¯, t¯) is the moving surface velocity, V¯ (x¯, t¯) is the
suction or injection velocity of the permeable surface. Ts is the
surface temperature and T∞ is the temperature of the ambient
fluid. The non-dimensional form of Eqs. (1)–(3) and boundary
conditions are as follows:
∂u
∂x
+ ∂v
∂y
= 0, (5)
∂u
∂t
+ u∂u
∂x
+ v ∂u
∂y
= F(x, t)+ n
∂u∂y
n−1 ∂2u∂y2 , (6)
∂T
∂t
+ u∂T
∂x
+ v ∂T
∂y
= 1
Pr
∂2T
∂y2
, (7)
u(x, 0, t) = S(x, t), v(x, 0, t) = V (x, t),
T (x, 0, t) = 1,
u(x,∞, t) = U(x, t), T (x,∞, t) = 0.
(8)
The non-dimensional parameters are related to the dimen-
sional ones through the following relations:
u = u¯
U0
, v = v¯
U0
Re1/(n+1), U = U¯
U0
,
T = T¯ − T∞
Ts − T∞ , x =
x¯
L
, y = y¯
L
Re1/(n+1),
t = U0 t¯
L
, Re = ρU
2−n
0 L
n
K
, Pr = cpρU0L
kRe2/(n+1)
,
F(x, t) = ∂U
∂t
+ U ∂U
∂x
, S = S¯
U0
,
V = V¯
U0
Re1/(n+1)
(9)Figure 1: Flow geometry.
where U0, L, Re and Pr are the average free stream velocity,
length of the horizontal surface, Reynolds number and Prandtl
number, respectively. F(x, t) is defined above from the free
stream velocity for simplicity.
3. Symmetry analysis
Symmetry groups of Eqs. (5)–(7) are calculated by using Lie
Group theory. The one-parameter infinitesimal Lie Group of
transformations for the system are:
x∗ = x+ εξ1(x, y, t, u, v, T )
y∗ = y+ εξ2(x, y, t, u, v, T )
t∗ = t + εξ3(x, y, t, u, v, T )
u∗ = u+ εη1(x, y, t, u, v, T )
v∗ = v + εη2(x, y, t, u, v, T )
T ∗ = T + εη3(x, y, t, u, v, T ).
(10)
Fromwhich the prolonged infinitesimal generator including
higher order derivatives are defined:
X = ξ1 ∂
∂x
+ ξ2 ∂
∂y
+ ξ3 ∂
∂t
+ η1 ∂
∂u
+ η2 ∂
∂v
+ η3 ∂
∂T
+ η1x ∂
∂ux
+ η1y ∂
∂uy
+ η1t ∂
∂ut
+ η2y ∂
∂vy
+ η3x ∂
∂Tx
+ η3y ∂
∂Ty
+ η3t ∂
∂Tt
+ η1yy ∂
∂uyy
+ η3yy ∂
∂Tyy
. (11)
The invariance conditions are obtained by applying the
generator to the partial differential system (5)–(7);
η1x + η2y = 0, (12)
η1t + η1ux + uη1x + η2uy + vη1y
= ξ1Fx + ξ3Ft + n(n− 1)
uyn−2 uyyη1y
+ n uyn−1 η1yy, (13)
η3t + η1Tx + uη3x + η2Ty + vη3y = 1Prη3yy. (14)
The Mathlie program [13] is used to calculate higher order
infinitesimals and then equations are separated, with respect
to higher order variables. The initial restrictions from the
determining equations on the infinitesimals are:
1536 M.B. Akgül, M. Pakdemirli / Scientia Iranica, Transactions B: Mechanical Engineering 19 (2012) 1534–1540ξ1 = ξ1(x, t), ξ2 = ξ2(x, y, t), ξ3 = ξ3(t)
η1 = η1(x, t, u), η2 = η2(x, y, t, u, v),
η3 = η3(x, y, t, T )
(15)
and the remaining determining equations are:
∂2η1
∂u2
= 0, (16)
∂2η3
∂T 2
= 0, (17)
∂2ξ2
∂y2
= 0, (18)
−2∂ξ2
∂y
+ ξ ′3 = 0, (19)
∂η1
∂x
+ ∂η2
∂y
= 0, (20)
−∂ξ2
∂x
+ ∂η2
∂u
= 0, (21)
η1 − ∂ξ1
∂t
− u∂ξ1
∂x
+ u∂ξ2
∂y
+ nu∂ξ2
∂y
+ u∂η1
∂u
− nu∂η1
∂u
= 0, (22)
η2 − ∂ξ2
∂t
− u∂ξ2
∂x
+ nv ∂ξ2
∂y
+ v ∂η1
∂u
− nv ∂η1
∂u
= 0, (23)
∂ξ2
∂y
+ n∂ξ2
∂y
− ξ ′3 +
∂η1
∂u
− n∂η1
∂u
= 0, (24)
−∂ξ1
∂x
+ ∂ξ2
∂y
+ ∂η1
∂u
− ∂η2
∂v
= 0, (25)
η1 − ∂ξ1
∂t
− u∂ξ1
∂x
+ 2u∂ξ2
∂y
= 0, (26)
η2 − ∂ξ2
∂t
− u∂ξ2
∂x
+ v ∂ξ2
∂y
+ 1
Pr
∂2ξ2
∂y2
− 2
Pr
∂2η3
∂y∂T
= 0, (27)
∂η3
∂t
+ u∂η3
∂x
+ v ∂η3
∂y
− 1
Pr
∂2η3
∂y2
= 0, (28)
ξ1
∂F
∂x
+ ξ3 ∂F
∂t
+ F ∂ξ2
∂y
+ Fn∂ξ2
∂y
− ∂η1
∂t
− Fn∂η1
∂u
− u∂η1
∂x
− 2v ∂η1
∂y
+ nv ∂η1
∂y
= 0. (29)
Eqs. (16)–(29) are an over determined partial differential
system from which upon solution, the infinitesimals are
retrieved as:
ξ1 = 32ax+ b(t)
ξ2 = a2y+ c(x, t)
ξ3 = at + d
η1 = a2u+ b
′
η2 = − a2v +
∂c
∂t
+ u∂c
∂x
η3 = eT + g
(30)and F(x, t) satisfies the following equation;
b′′ − a
2
F − ξ1Fx − ξ3Ft = 0. (31)
For a boundary value problem that is nonlinear, the gener-
ator should leave the boundary conditions invariant also [14].
This, however, imposes restrictions on the symmetries. After
applying the generator to the boundary conditions given in
Eq. (8), the final symmetries are:
ξ1 = 32ax+ b(t)
ξ2 = a2y
ξ3 = at + d
η1 = a2u+ b
′
η2 = − a2v
η3 = 0.
(32)
S(x, t), V (x, t) andU(x, t) functions cannot be arbitrary, and
to ensure similarity transformations, they should satisfy the
following equations:
a
2
S + b′(t) =

3a
2
x+ b(t)

∂S
∂x
+ (at + d) ∂S
∂t
− a
2
V =

3a
2
x+ b(t)

∂V
∂x
+ (at + d) ∂V
∂t
a
2
U + b′(t) =

3a
2
x+ b(t)

∂U
∂x
+ (at + d) ∂U
∂t
.
(33)
4. Similarity transformations and reductions
Since the partial differential system has three independent
variables, two successive reductions using symmetries are
necessary to convert the partial differential system to an
ordinary differential system. A special symmetry is selected
first and the three independent variable differential system is
converted into a two-independent variable partial differential
system. Upon determining the symmetries of this system,
the equations are finally reduced to an ordinary differential
system.
4.1. A similarity transformation
For a special selection of a = 1 and b(t) = d = 0, the
determining equations for similarity transformations, are:
dx
3x
= dy
y
= dt
2t
= du
u
= dv−v =
dT
0
, (34)
fromwhich the similarity variables and functions are obtained:
α = xt−3/2, β = yt−1/2, u = t1/2F1(α, β),
v = t−1/2F2(α, β), T = F3(α, β)
S = t1/2A(α), V = t−1/2G(α), U = t1/2H(α).
(35)
Substitution of these variables and functions into the
original equations and boundary conditions yields a partial
differential system with two independent variables α and β:
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∂α
+ ∂F2
∂β
= 0
1
2
F1 − 32α
∂F1
∂α
− 1
2
β
∂F1
∂β
+ F1 ∂F1
∂α
+ F2 ∂F1
∂β
= 1
2
H(α)− 3
2
αH ′(α)+ H(α)H ′(α)
+ n
∂F1∂β
n−1 ∂2F1∂β2
−3
2
α
∂F3
∂α
− 1
2
β
∂F3
∂β
+ F1 ∂F3
∂α
+ F2 ∂F3
∂β
= 1
Pr
∂2F3
∂β2
(36)
F1(α, 0) = A(α), F2(α, 0) = G(α),
F3(α, 0) = 1, F1(α,∞) = H(α), F3(α,∞) = 0. (37)
4.2. A second reduction
To reduce Eqs. (36) and (37) into an ordinary differential
system, a one-parameter infinitesimal Lie Group of transforma-
tions;
α∗ = α + εγ1(α, β, F1, F2, F3)
β∗ = β + εγ2(α, β, F1, F2, F3)
F∗1 = F1 + εϕ1(α, β, F1, F2, F3)
F∗2 = F2 + εϕ2(α, β, F1, F2, F3)
F∗3 = F3 + εϕ3(α, β, F1, F2, F3),
(38)
is applied. The prolonged infinitesimal generator is:
X = γ1 ∂
∂α
+ γ2 ∂
∂β
+ ϕ1 ∂
∂F1
+ ϕ2 ∂
∂F2
+ ϕ3 ∂
∂F3
+ϕ1α ∂
∂F1α
+ ϕ2α ∂
∂F2α
+ϕ3α ∂
∂F3α
+ ϕ1β ∂
∂F1β
+ ϕ3β ∂
∂F3β
+ϕ1ββ ∂
∂F1ββ
+ ϕ3ββ ∂
∂F3ββ
. (39)
The initial restrictions on the infinitesimals are:
γ1 = γ1(α), γ2 = γ2(α, β), ϕ1 = ϕ1(α, β, F1),
ϕ2 = ϕ2(α, β, F1, F2), ϕ3 = ϕ3(α, β, F3). (40)
Substituting the higher order infinitesimals and separating the
equations, with respect to higher order variables, yields;
∂2ϕ1
∂β2
= 0, (41)
∂2ϕ3
∂F 23
= 0, (42)
∂2ϕ1
∂F 21
= 0, (43)
∂ϕ1
∂α
+ ∂ϕ2
∂β
= 0, (44)
−∂γ2
∂α
+ ∂ϕ2
∂F1
= 0, (45)
−∂ϕ1
∂β
+ n∂ϕ1
∂β
= 0, (46)
−∂γ2
∂β
− n∂γ2
∂β
+ n∂ϕ1
∂F1
= 0, (47)−∂
2γ2
∂β2
+ 2 ∂
2ϕ1
∂β∂F1
= 0, (48)
−γ2 + 2ϕ2 + 3α ∂γ2
∂α
− 2F1 ∂γ2
∂α
− β ∂γ2
∂β
+ 2F2 ∂γ2
∂β
+ 2
Pr
∂2γ2
∂β2
− 4
Pr
∂2ϕ3
∂β∂F3
= 0, (49)
−γ2 + 2ϕ2 + 3α ∂γ2
∂α
− 2F1 ∂γ2
∂α
+ β ∂γ2
∂β
− 2F2 ∂γ2
∂β
−β ∂ϕ1
∂F1
+ 2F2 ∂ϕ1
∂F1
= 0, (50)
−3γ1 + 2ϕ1 + 3α ∂γ1
∂α
− 2F1 ∂γ1
∂α
− 6α ∂γ2
∂β
+ 4F1 ∂γ2
∂β
= 0, (51)
−3γ1 + 2ϕ1 + 3α ∂γ1
∂α
− 2F1 ∂γ1
∂α
− 3α ∂ϕ1
∂F1
+ 2F1 ∂ϕ1
∂F1
= 0, (52)
−∂γ1
∂α
+ ∂γ2
∂β
+ ∂ϕ1
∂F1
− ∂ϕ2
∂F2
= 0, (53)
3α
∂ϕ3
∂α
− 2F1 ∂ϕ3
∂α
+ β ∂ϕ3
∂β
− 2F2 ∂ϕ3
∂β
+ 2
Pr
∂2ϕ3
∂β2
= 0, (54)
2H ′γ1 − 2H ′2γ1 − 2HH ′′γ1 + 3αH ′′γ1 + ϕ1
− 3α ∂ϕ1
∂α
+ 2F1 ∂ϕ1
∂α
− β ∂ϕ1
∂β
+ 2F2 ∂ϕ1
∂β
= 0, (55)
from which infinitesimals are solved;
γ1 = a
γ2 = b(α)
ϕ1 = 32a
ϕ2 = 12 [b− 3αb
′ + 2F1b′]
ϕ3 = cF3 + d.
(56)
The determining equation for H(α), which is related to U(x, t),
the outer velocity, is obtained as follows;
2H ′γ1 − 2H ′2γ1 − 2HH ′′γ1 + 3αH ′′γ1 + ϕ1 = 0. (57)
The boundaries and boundary conditions should be invariant
under the transformations also [14]. This requirement leads to
the restricted symmetries:
γ1 = a
γ2 = 0
ϕ1 = 32a
ϕ2 = 0
ϕ3 = 0
A = 3
2
α + a1, G = a2, H = 32α + a3.
(58)
One parameter (i.e. parameter a) is involved in Lie Group
Transformations. Setting a = 1 yields the determining equa-
tions;
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1
= dβ
0
= 2dF1
3
= dF2
0
= dF3
0
(59)
from which the similarity variables and functions are derived;
β = µ, F1 = θ1(µ)+ 32α, F2 = θ2(µ),
F3 = θ3(µ).
(60)
Inserting these variables and functions into Eqs. (36)–(37)
yields the following ordinary differential system:
3
2
+ θ ′2 = 0
2θ1 + (θ2 − 12µ)θ
′
1 = n
θ ′1n−1 θ ′′1 + 2a3
θ2 − 12µ

θ ′3 =
1
Pr
θ ′′3 .
(61)
The associated boundary conditions are:
θ1(0) = a1, θ2(0) = a2, θ3(0) = 1,
θ1(∞) = a3, θ3(∞) = 0, (62)
where a1, a2, and a3 are the surface velocity parameter, suc-
tion/injection parameter and squeezing parameter, respec-
tively. Returning back to the original variables yields:
u = t1/2

θ1(yt−1/2)+ 32xt
−3/2

,
v = t−1/2θ2(yt−1/2), T = θ3(yt−1/2).
(63)
Note that in obtaining this solution, in the first reduction,
scaling symmetry of the system is used. Scaling symmetry is a
common symmetry in boundary layer type solutions. If we had
selected parameters b and d in the first reduction (i.e. Eq. (32)),
a traveling wave type solution could be obtained. However,
this would probably lead to a problem in satisfying boundary
conditions in the second reduction, since this type of solution is
not suitable in such a boundary layer problem.
Inspecting Eq. (61), the first equation for θ2 can be solved
analytically. However, due to the nonlinearities and coupling,
the second and third equations cannot be solved analytically.
Hence, θ1 and θ3 should be solved numerically and inserted into
Eq. (63) for final results.
5. Numerical solutions
From equation system (61), the first equation can be solved
for θ2:
θ2 = −32µ+ a2. (64)
The remaining equations for θ1 and θ3 should be solved
numerically, however.
In Figure 2, θ1 function, related to the x component of
velocity, is plotted for different flow behavior indexes. The
boundary layers are qualitatively different for n < 1 (shear
thinning fluid) and n > 1 (shear thickening fluid) cases. For
n < 1, the velocity decreases inside the boundary layer for
increasing n, but in the n > 1 case, in the region adjacent to
the surface, velocity decreases with increasing n, but a reverse
effect is observed in the region.
Effects of surface velocity parameter on θ1 are shown in
Figure 3. Increasing the parameter increases θ1. Increasing the
squeezing parameter increases θ1, as shown in Figure 4.Figure 2: Variation of θ1 for different values of flow behavior index (a1 =
0, a2 = 0, a3 = 1).
Figure 3: Variation of θ1 for different values of surface velocity parameter
(n = 0.6, a2 = 0, a3 = 1).
Suction/injection and no penetration results are given in
Figure 5. Boundary layer thickness increases for injection, and
decreases for suction cases.
Variation of θ3, which is related to temperature, is given in
Figures 6 and 7. Effects of Prandtl number on the temperature
profiles are given in Figure 6. An increase in Prandtl number
decreases temperatures.
Effects of suction/injection parameters on temperature
profiles are shown in Figure 7. a2 = 0 corresponds to the
no suction/injection case. Suction decreases the thickness of
the thermal boundary layer, whereas injection increases the
thickness of the boundary layer.
6. Concluding remarks
Squeezing flow of a power-law fluid is considered. Boundary
layer equations, including temperature, are derived. Lie Group
M.B. Akgül, M. Pakdemirli / Scientia Iranica, Transactions B: Mechanical Engineering 19 (2012) 1534–1540 1539Figure 4: Variation of θ1 for different values of squeezing parameter (n =
0.6, a1 = 0, a3 = 1).
Figure 5: Variation of θ1 for different values of suction/injection parameter
(n = 0.6, a1 = 0, a3 = 1).
theory is applied to the equations. The partial differential sys-
tem is transformed to an ordinary differential system via two
successive symmetry transformations. Boundary conditions are
selected in a general form and the structures of functions ap-
pearing in the boundary conditions, for which similarity trans-
formations are available, are determined. The resulting ordinary
differential system is solved numerically. Effects of the flow
behavior index, surface velocity parameter, suction/injection
parameter, squeezing parameter, and Prandtl number on the
velocity and temperature profiles are analyzed.
Velocity profiles are qualitatively different for flow behavior
indexes less than 1 and greater than 1. Increasing surface
velocity parameters and squeezing parameters increases the
function related to the x component of velocity. Inertia
boundary layer thickness increases for injection and decreasesFigure 6: Variation of θ3 for different values of Prandtl number (a2 = 0).
Figure 7: Variation of θ3 for different values of suction/injection parameter
(Pr = 20).
for suction. A similar behavior for the suction/injection
parameter is observed for thermal boundary layers. Finally, an
increase in Prandtl number decreases the temperature profiles.
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